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Abstract. The image system for a velocity field of the Oseen tensor in a fluid region bounded by a rigid spherical
container is derived. The Green’s function and image system due to a nearby boundary constitute two themes
explored in the pioneering (1896) paper by Lorentz. The special structure of our image system facilitates its
incorporation as kernels for integral representations of velocity fields (another theme in the Lorentz paper) for a
domain bounded by a spherical wall. The reflection formula for a plane wall is derived as a limiting case of the
new solution.

1. Introduction

The 1896 paper by Lorentz [1] introduced the use of the Green’s function (also known as the
stokeslet, point force solution, or Oseen tensor) and integral representation for Stokes flow.
In addition, Lorentz derived a reflection formula for handling the presence of a rigid planar
wall; the formula converts an ambient Stokes velocity field in unbounded space, into one
that satisfies the no-slip condition at the plane boundary. These themes can be combined, for
example, to create the image system for the flow field of a point force next to a rigid planar
wall, and to create an integral representation with a special kernel that automatically satisfies
the boundary condition at a rigid planar wall, e.g. [2].

The one-hundred-year gap between Lorentz’s classical paper and papers on low Reynolds
number hydrodynamics of the modern era manifests itself in a number of ways, including, of
course, the ubiquitous computer, and large-scale computations and simulations. The present
authors certainly fit this mold; and yet, for this special occasion, it is perhaps more fitting to don
the style of Lorentz, Oseen and others of a bygone era and consider the analyses of harmonic
and biharmonic functions (especially if such analyses show some promise of leading to new
computations that make more efficient use of high performance parallel supercomputers).

So in this paper we follow the themes pioneered by Lorentz, and consider special velocity
representations generated by small particles in a fluid domain bounded by a rigid, spherical
wall. Such geometries are of current interest in suspension rheology, including some recent
work on spinning ball rheometry (3], and in biophysics as the basis for Brownian dynamics
simulations in confined geometries.

For particles of dimension much smaller than the dimensions of the container, the first and
natural approximation is to consider the particles as point forces and dipoles in the viscous
fluid. For a more accurate description, we would then consider a distribution of such Stokes
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singularities over the surface of the particles, i.e., an integral representation. Both approaches
require the availability of a simple expression of the Green’s function for this geometry.

The organization of this paper is as follows. As a prelude to the image system for a spherical
container, we first revisit the image systems for a point force outside a rigid spherical particle
(the exterior problem). The form of the solution provides a guide to our search of the solution
for a point force inside a spherical container (the interior problem). Actually, both problems
were solved by Oseen [4] but we shall see that for future applications, it is advantageous to
recast his solutions as images of Stokes singularities. Such simplifications for the exterior
problem were accomplished by Fuentes et al. [5,6]. More recently, Maul and Kim [7] have
reported some progress on the interior problem, but were unable to find the line distributions
or eliminate completely the so called Oseen vector harmonics. In the present work, these are
accomplished.

Our singularity solution reveals an image system consisting of point forces, dipoles and
quadrupoles, in contrast to the electrostatics analog for which a point charge inside a spherical
cavity requires only an image charge outside the cavity. Furthermore, the presence of higher-
order multipoles leads to a reversal in the orientation of the image stokeslet, as the placement
of the original stokeslet is shifted from a point near the container wall to points closer to the
center of the container.

For a stokeslet placed very close to the container wall, an asymptotic expansion of the
present solution yields the solution for a point force near a plane wall. The form of that image
immediately leads to a derivation of the Lorentz reflection formula for an incident Stokes flow
field reflecting from a plane wall.

2. The exterior problem

Consider the Stokes flow field produced by a point force (or stokeslet) placed at an arbitrary
but fixed point y outside a rigid spherical particle. The mathematical statement of this problem
is:

—Vp+uViv = —Fb(z —y), 1)
Vv =0, 2

with the boundary condition, v = 0 on the surface of the sphere. It is natural to proceed with
a solution form that decomposes into a singular term and a regular term, i.e.,

_F _F |§ (z-viz-y)
Sl G(z y)+u—87w Tmy+ =y +u.

Here the first term (containing G, the Oseen tensor) is the Green’s function for the unbounded
domain and is thus singular at z = y. We shall use r,, = |« — y| to denote the distance from
any point z in the fluid domain to the location of the singularity, as shown in Fig. 1. Note that
lengths have been scaled by the sphere radius, so that the sphere has a unit radius.

As mentioned before, this problem, and the closely related one of a stokeslet inside a rigid
spherical container, were first solved by Oseen and presented in his 1927 book, Hydrodynamik.
In the interest of brevity, his somewhat lengthy solution is not reproduced here. We should also
note that notable extensions to Oseen’s work, generally known as sphere theorems, have been
developed [8,9,10,11], but these do not lend themselves in a straightforward fashion to our
computational project on Stokes flows that are generated by the motion of multiple particles
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Fig. 1. The stokeslet and sphere geometry.

in a spherical domain. Instead, for our purposes, it is advantageous to write the solution as an
image system of Stokes singularities as in Fuentes et al. [5,6]. We first decompose the external
force F acting at the stokeslet location y into axisymmetric and asymmetric (transverse)
components,

F=Fl 4t F-=F.ce+ F-(6—ee),

where the unit vector e = y/|y| = y/y is directed along the axis from the sphere center (taken
to be the origin) to the location of the stokeslet. The character of the solution is quite distinct
for the two cases which are as follows:

e 3,1 L -apl 9@—¥) 2 —aypl, .y, 9@ —¥)
u Gy —5y)F 87 + @~y ) (Fle- V) =,
— ly—l(l_y—z)ZFH.VZM, 3)
4 8mu
L (3l a1 9=—-v) 0 _avpl G(z —y*)
= (2y 7Y )F 8rp [(y y " )F (e V)]——S;;—L_—_
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+ i (1-y™)°F 877 20741 —y7%) - lem—y*]
3 oy [ 1 12| 9 ~§)
+§(y—y )/0 ¢F ~[1—5(1—§)V —gﬂ—u——dg
_ Vy ,F+xe d¢
3 _ 1 2 v '
+3y-y )/0 3 8 Py 4

Thus for a stokeslet outside a rigid sphere, Oseen’s solution can be rewritten as a collection of
stokeslets, stresslets, rotlets and degenerate Stokes quadrupoles located inside the spherical
particle. It is interesting to compare this with the simpler situation in potential theory (elec-
trostatics); a point charge at y next to a spherical conductor has an image consisting of just
an image charge at y*. This in turn implies that, for electrostatics,the image approach solves
simultaneously the interior as well as the exterior problem. The above solution shows that this
nice situation does not extend to the biharmonic equation for Stokes flow.
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3. The Interior Problem
3.1. OSEEN'S SOLUTION WRITTEN WITH STOKES SINGULARITIES

As mentioned before, Oseen [4] has already solved the interior problem,
~Vp+uV = —Fé(z - y*), Vv=0,

with the boundary condition, v = 0 on the surface of the spherical container. Oseen’s solution
is a lengthy expression that is written in terms of vector harmonics. Recently, Maul and Kim
(7] showed that the interior problem has a simpler singularity form. They use exactly the
same geometry as in Fig. 1, but now interpret y* as the location of a stokeslet in the fluid
region bounded by a spherical container, and y as the location of the image singularities. For
the axisymmetric case, they discovered a simple “short cut”, namely the superposition of the
image systems for three exterior problems leads to an image that is just a stokeslet at y* !
They thus arrived at the solution to the interior problem,

g(z -y ) + u“)iﬂl ,

S A Gt )
v=F Y
with
3
hint — ¥ =39 p1 5@ =9) _ 202 ypl,.wy. 9= Y)
u 3 F S v (y* - 1)(Fle - V) -
Lo e VE-y)
YW -1°F T (5)

The situation for the asymmetric (transverse) stokeslet (with FL.e=0)isnotas simple.
In addition to the interior singularities that were employed in the axisymmetric problem, the
asymmetric stokeslet requires a distribution of rotlets and skewed quadrupoles (i.e., (e - V)
acting on a rotlet). Furthermore, we anticipate line distributions of singularities from y to
00.

Maul and Kim [7] have shown that Oseen’s solution can be written as

Jlint _ W= L G=-y)  y@ -1 V(=-y)
2 8mu 4 8rp

20,2 1. o). g(z-y)
+ ¥ (¥ — 1) (eF~-V) T
+ 3y(y" - 1) 7 oy + (r=1) S V(F=-¢), (6)

with 7 = || and the vector harmonic ¢ given by

_ 3y -1) = r—ycosd+ryycosV
B 2 Tzy TyZSin219 )

)

Here 9 is the angle between e and «. So their first attempt at a singularity solution was not
completely successful. The first term on the last line of Eq. (6) is not a solenoidal field, hence
the appearance of the Oseen—type vector harmonic ¢. Taken together, the two terms on the last
line do satisfy the Stokes equations as explained in [7]. Their solution represents an advance
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in the sense that the expression for ¢ is far simpler than the one proposed in Oseen [4], thanks
to the use of Stokes singularities at y. We now complete the story by showing that the ¢ can
be represented as a line distribution of singularities from the image point y to oo .

3.2. VECTOR HARMONIC AS A LINE DISTRIBUTION OF SINGULARITIES

We start with the last line of Eq. (6) and define a vector field

F*+ )
U; = T—:; +(r? 1)1«“la‘£;c

By applying 8/9zx, twice to this expression, we conclude that its pressure field is

p = 2B (e + 200 )
Tg
while the continuity condition U; ; = 0 requires
Fit
2 (_, ) r 2Rt o, ®)
0T; \ Tay 0zx;

Note that this implies that the expression for the pressure simplifies to: p=2uF*- () — Vr;yl )
Following Oseen, we express the continuity condition, Eq. (8), in spherical polar coordi-
nates:

Fe e - 10 Fe
or 20ck \ T2y )

At this point, we employ the Legendre expansion to express 1/75, in terms of interior
harmonics about the sphere center:

0 7.2n+1 (_e . V)n
n+1 nl

e-x rtl(—e. V)"

T+ 2

= y™t! n!

1 1 1
=4 -,
T T

1 —
r vy

zy n=0 y

The first term (n = 0) is annihilated upon operation by Fk (8/0x) because it is a constant,
while the second term (n = 1) is annihilated by the same operator because Fk er = 0; thus
we arrive at the relation,

L O F,c 0 A rihtl(—e.V)"
Fir—% =
or 2 Oxy = ynt! n!

1
-

Now each term in the RHS is a harmonic of degree n — 1 (keep in mind that the nabla
operator outside the summation reduces the degree from n to n— 1), Since for h,,—.; a harmonic
of degree n — 1 we have (0 /0r)hn_) = (n—1)hn_; we arrive at the following expression
for 1y:

2n+1 ( e- V)"

Fiy =
&V 2 6xk nZ: (n—l ynl n!

1
o

This is a perfectly valid expression for Oseen’s vector harmonic, but we shall proceed to a
formulation in terms of a line integral.
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Let ¢ be a point on the axis, with £ = |¢| > y as shown in Fig. 1, and construct the
Legendre expansion for the harmonic |z — ¢|~!. Multiply both sides by £, and apply the
operator Fi-(8/0zy) to both sides. This leads to the relation:

FEL 3 € EL 3 o 7'2n+1 (—-e . V)n
Oz |z — EI Oz, = & n!

1
-
Integrate this relation with respect to £ from y to oo:

© 8 ¢ °° 2t (e V) 1
l Y &5 — -
/y Fy de / FE axk - dg

Oz |z — ¢ § n!
3 Z r2n+l (—e V)1
= Fi oo 3:vk = (n -1) nl T
= ~2°F .
In this manner, we arrive at the desired result,
- 00 1 00
Frn=g | B g = | e ®

In the Appendix, we work out expressions for integrals of the form

*® mdf
Lmn = :
/y e~ ¢

Upon substitution of the expression for L3 in 1x we obtain

1 r : —
Fiz m+55 if 4=0,
k — .
= ;2 X ,—:y+,°s‘i’§;’t, (l—y :::“’) if 0<d<m,
v 0 S if 9=
rzy 21“:” *

The degenerate cases ¥ = 0 and ¥ = 7 can be obtained by taking limits in the general
expression, or more easily by putting « on the axis and evaluating the line.integral. We also
work out the derivative that appears in the velocity expression,

Lo _ B € _3Ftai (™ E(z; - Eey)
i | e, e (o

dz;  2y?
This expression requires Lis and L,s as provided in the Appendix.
We now check our result by reattaching the extra constant factor onto :

Frow = 3y(y* - DF o

Fi ? -
= 3P -1) ;az:k [_1_+ cc‘>s (l_y rcosﬂ)}

2
Tzy TSin?9 Tzy

Fk Ty T+ Tryycos? —ycosd
7 sin? ¥

= 3y(y* - )

2

and this is indeed the same as Eq. .
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In summary, the image solution for the asymmetric stokeslet is:

Lint _ 3y — 59 1 Gz —y) y(y* - 1) i V3G (z - y)
u F-- + F
2 8mu 4 87y

+ v} (? - 1) (eFt - V). _—g(:w_,uy)
sy L FE
+ 3y(y - 1) 87 1oy (11)
2 3@ [FL oo gde 3Ptz [ {(z - Ee)
+ (T 1) 877/14 2y2L 12? - 6‘3 2y2 /y ‘:‘B — Els df s

and we have achieved our goal of a simple singularity solution form. The integrals can be
evaluated analytically and expressed in terms of the Ly, functions of the appendix or, in the
case of kernels for boundary integral computations of large simulations on massively parallel
computer architectures, by dataparallel implementations of Gaussian quadrature rules.

The general solution to the interior problem is obtained by a linear combination of Egs. (5)
and (12) and is presented in the Appendix.

It should be noted that in Eq. (12) the terms from the vector harmonic (terms on the last
two lines) are not in the form of Stokes singularities. It is possible to manipulate these two
terms into Stokesian images of the form:

’

3P -1 [[*°, 1 Glz—¢ 1 G(z-y)
2y Uy o 8mp K+ F 87 p

plus additional line distributions of degenerate quadrupoles and rotlets in analogy with the
exterior solution. One possible pathway for the derivation of such expressions consists of
addition theorems for Stokes singularities at a point £ on the line distribution as given in
Chapter 10 of [12], integration of the resulting identities with respect to ¢ from y to oo, and
matching of the coefficients of the basis set for the vector harmonics. However, these alternate
forms are of limited utility in future work because the (floating point) operation counts would
increase.

3.3. FURTHER COMMENTS ON THE ANALOGY WITH ELECTROSTATICS

As is now evident, the image system for the viscous hydrodynamic problem shares some
similarities with, but possesses key differences from that of the electrostatics problem. The
differences are further highlighted by a phenomenon that we could call “stokeslet reversal.”
Consider Eq. (5) for the image of an interior stokeslet located at y*. When the stokeslet is very
close to the wall, we may write y = 1 + eand y* = 1/y ~ 1 — ¢, with ¢ < 1, and we obtain
the expected result that the image stokeslet is equal in magnitude but pointed in the opposite
direction from the original stokeslet. However, for y > /3, i.e. y* < +/3/3, the sign of the
image stokeslet is opposite to that obtained from physical intuition and at the critical value
of y = /3, y* = V/3/3, the image stokeslet vanishes! Of course, in all cases, the net flow
produced by the total image system must cancel the flow of the original stokeslet. Stokeslet
reversal is mathematically feasible only because of the presence of the other singularities.
This point is brought out quite clearly in the expression for v on the container wall at the point
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that intersects the line segment between y* and ¥ (i.e. where ¥ = 0):

3. Fl
Image stokeslet velocity = yy — ?y o

3 2 ol
Image dipole velocity = _y 2yt FT ,
y—1 8mp

2y? [

Image quadrupole velocity = L+ 20 +¥ F
y—1 8mu

For all y, the total flow from all images will cancel the field of the stokeslet at y*,

2y Fll

Original stokeslet velocity = R —
—1 8mp’

but the flow from just the image stokeslet exhibits a reversal at y = v/3.
The above reversal effect can be eliminated if we use simple integration to obtain the
identity,

o ZCEL DAY R R EE P 2
/y B =t /y 9 8wy €=""%m -

The singularity solution, Eq. (5), may then be rearranged as

Ry _g(_s’TyZ__yz(y2__1)(Flle.V).g_(i;r__u_y_)
26(¢ —
_ %y(yz_l)%u.y“%w—ﬂ%y(yz-”/y e £5 e,

The coefficient of the image stokeslet now preserves its sign for all y with y > 0, but the price
is an image system with a line distribution.

3.4. THE LORENTZ WALL REFLECTION FORMULA

We now go back to the problem of the stokeslet very close to the container wall, and set
y=1+¢, e < 1. As explained in Chapter 12 of [12, pp. 239-261] the image system should
then approach that of the plane wall; the expressions simplify to leading order as:

wo_ _ploply. 9@=Y) o pl ply. gy, SEZY)
u™ = —(F++F") o 2¢[(F*~ — F!) . V]n 87
yé(rt - ply. L= (12)
87 ’

where n = —e (pointing into the fluid) is the normal for the plane wall. Note that € is now the
distance from the plane and y* is now the mirror image of y.

Although Eq. 12 is a valid expression for the image system it is not difficult to convert
it to the following alternate expression in which the geometric parameter ¢ does not appear
explicitly:

Ll — ~(6 = 2nn) - L T zV(n - umi') +(n- m)zvzumi’ , (13)



Image of a pointforce ina spherical container and its connection to the Lorentz reflection formula 127
where

W™ = (FL - Flly. G —y) (14)
8T
is the mirror image of the original stokeslet. Eq. (13) is the image solution of Lorentz [1].
We have thus arrived at the Lorentz reflection principle, as applied to the free space Green’s
function:
1. Create the mirror reflection of the original flow field,
umir(z,y,z) = M(u) = (6 - ee) ' u(a:,y, —-Z) )
where M denotes the mirror operator with the mirror placed on the XY —plane.
2. Create the reflected field by applying a second operator, £, with its definition motivated
by Eq. (13),
Lu)=—(6-2nn)-u—2n-z2V(n -u) + (n z)*Viu.

What applies to the free space Green’s function should apply to all Stokes flows, so we
arrive at Lorentz’s conclusion: given a Stokes velocity field u defined everywhere in R3, the
reflection from a plane wall is given by LM(u) .

We conclude this section with a brief discussion of the theory for the reflection from the
spherical container. We assume that the disturbance flow field in the container is created by
some small particle, with the particle represented by a set of Stokes singularities. Examples
of such representations are discussed in Chapter 3 of [12, pp. 47-72] for spheres, spheroids,
ellipsoids and slender bodies. For each singularity, we compute the image field, u, as discussed
earlier. The dampening effect of the container boundary on the mobility of the particle may
then be computed by the so called first reflection [12, pp. 311-319 and 13, pp 240-270] which
consists of an application of the Faxén relation with u as the incident field.

For the completely general treatment of particle hydrodynamics within the spherical con-
tainer (arbitrary particle shape, many—body effects, etc.), the Stokes singularities would be
distributed over the particle surface, i.e., we would employ an integral representation. In con-
trast to Oseen’s expression, it is relatively straightforward to compute the stress and traction
fields of the image systems presented in Eqs. (5) and (6), and thus derive the kemnels of
the relevant boundary integral equations (the table of integrals in the appendix needs to be
augmented with expressions for L,,7). This then leads us to the many-body simulations as in
[14].

4. Conclusion

We have shown that the image of a point force inside a rigid spherical container consists of
stokeslets, Stokes dipoles and degenerate Stokes quadrupoles located at the image point (for the
axisymmetric and asymmetric problem) plus (for the asymmetric case only) a vector harmonic
that can be represented as a simple line distribution of singularities from the image point to
infinity. These new expressions are especially useful for boundary integral formulations that
are based on special kernels that satisfy the no-slip condition at the container wall. In such
computations, dataparallel implementations of Gaussian quadrature rules are more efficient
than the analytic formulae for the line integrals. The recent work by Traenkle et al. [15]
explores in greater detail the utility of boundary integral equations with special kernels as a
function of different parallel computer architectures.

The presence of higher-order multipoles in the image system points out the subtle difference
between the harmonic and biharmonic equations; some of the simplicity of the image system
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from potential theory is lost. For example, because of the contributions from the higher order
multipoles, there is a reversal in the orientation of the image stokeslet, as the parameter y* for
the location of the stokeslet goes through the critical radius v/3/3 = 0.577... . The reversal
effect may be eliminated, but only by admitting line distributions in the image system of the
axisymmetric problem.

Our solution for the image goes smoothly to that for a point force near a plane wall,
when the stokeslet is placed near the container boundary. The utility of the image approach is
demonstrated by showing the pathway to Lorentz’s reflection formula for an incident Stokes
flow field reflecting from a plane wall, and by the streamlined process for the derivation of
kernels for boundary integral representations.
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Appendix

This appendix contains the expression for the Green’s dyadic for the general orientation of
the point force F and expressions for the line integrals

< §mdg
Lyn = T
/y |z — &I

that appear in the formulae for ¢ and its derivatives. We consider first the line integrals. We
let

z = (rsindcos ¢, rsindsing,rcosd), ¢ =(0,0,¢),

|z — ¢ = \/rzsin219+ (€ —rcosd)?.
By setting
u=(£/r) —cos¥, du=d{/r, Z= % ~cos?,

the integrals may be rendered to a more convenient form

sml-n /°° (u +cos?)™ du
z (sin?d + u2)n/2
that is more easily evaluated. The final results are given in Table 1.

We now consider the Green’s function with an arbitrary orientation of the point force. In
index notation, the components of the force are written as

F, = F,ll + FkJ' = exemFm + (6km — €xem)Fm .

We insert these representations into the axisymmetric and asymmetric cases to obtain the
desired result for the Green’s dyadic:

Frn
8Ty

{Gim(@ = ") + Tjm(@)}
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Table 1. Expressions for the integrals L. Here Z = (y/r) — cos 9 .

129

Lmn=/
v

§mdg S /°° (u+ cos9)™ du
zZ

e — & (sinZ 9 + w)n/2
= 4 if 9=0,
zy Tzy
s = { = £+t (1—2-;7) if0<9<m,
= r—f—--z—zfz— if‘l9=7r-
zy Tzy
(= -1—+r,:— if 9=0,
Ty
PLis = ¢ =3—:13— ﬁ,”—-Z +32::1"3,(1—Z;£;) fo<9<m,
L = 3—:;— 47":—; if'L9=7|'.
f=2—,z’::+§;"£;+ﬁ—; if 9 =0,
1'3 1‘3 L COSZ 1'3
)= %cosﬁ€+%a~m(§+§2m+—i—"zm)
+ 5ty (1-cost9 2:2 ) f0<9<m,
with
el y3_3y 2/ 2
Gim(x) = emex —2—gjk(m—y)—y (y* = DeeGjke(z — y)
1
- U0~ 1PV (e - v)
3y —5 3 2 _1)2
+ (5km—6k6m){——2—y—gjk(m—y) + 'y—(y—T)—Vzgjk(m-y)
+ 21 = 1) ex(6em — ecem) Gjk.o(x — v)
bim — €5€
+ 3y(y2_1) ( jm 7 m)
6. o
+ (1 =1)3@F*-1) [( jm e,em / §d€3
y l“"ﬂ
_ 3(8km — 6k6m T /°° (z; — Eey) de
|l — £
Yy
5. Notes

lthe displayed terms produce the pressure field that was discussed just after Eq. (8).
The || and L designations are still relative to the symmetry axis, so that for example L is not orientation normal

to the plane,
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